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We have incorporated chain stiffness and correlations between neighl:ioring bonds into a 
self-consistent field (SCF) lattice model for end-attached polymer layers (commonly known as 
"brushes"). An increase in the chain stiffness leads to an increasing brush height. This increase is 
directly related to the change of the length of a Kuhn segment in the polymer chain. Introducing 
correlations between neighboring bonds gives a higher density of the brush, corresponding to a 
decrease of the brush height. For not too stiff chains these two effects virtually compensate each 
other. Hence, the volume fraction profile of "real" grafted chains is nearly identical to that of a 
polymer brush consisting of freely jointed chains. 
I. INTRODUCTION 
During the last several years polymer brushes, which are 
formed by attaching one end of each polymer chain to a 
surface, have been the subject of many theoretical 
investigations. I One very useful way to study such systems is 
to apply a self-consistent field (SCF) lattice model. For ex-
ample, the polymer adsorption theory of Scheutjens and 
Flee? has been extended to brushes.3- s In this model all 
possible conformations of polymer chains that can be gener-
ated on a lattice are weighted and averaged, using a random 
flight approximation for the chains (freely jointed chains). 
Another approach for polymer brushes has been developed 
by Zhulina et at. 6 and Milner et at. 7 The latter theories are 
based on the assumption that the total set of possible poly-
mer conformations can be replaced by a set of most likely 
trajectories. They are more approximate than the lattice 
model but lead to more handsome mathematical expressions. 
For high grafting densities and long chains, this approach 
agrees very well with the lattice calculations.5 
In this section we describe two different extensions of 
the lattice model. So far, the polymer molecules have been 
described as freely jointed chains (fjc). For example, imme-
diate step reversals are then allowed. The polymer chain con-
formations are treated as step-weighted walks in a potential 
field. This potential field depends, in a mean-field approxi-
mation, on all the components present in the system. In con-
trast to the description of polymer brushes based upon scal-
ing arguments, direct correlations are neglected: all 
interactions between segments enter solely through the mean 
potential field. The molecular architecture of the polymer 
chains is only reflected in the connectivity of the segments. 
Each bond is basically described as a Kuhn segment. In other 
words, the chain conformation weighting factors are calcu-
lated using a first-order Markov model. The SCF theories of 
Zhulina et at. 6 and Milner et aC are based on exactly the 
same physical picture. Zhulina et at. did, however, also con-
sider the more general case that the polymer chain is stiffer 
than a random flight chain. They introduced a stiffness pa-
rameter p. which they defined as the ratio of the Kuhn length 
and the segment diameter. This stiffness can easily be incor-
porated into the expression for the elastic free energy of de-
formation (stretching) of a Gaussian coil conformation. 
In this section we incorporate chain stiffness into the 
lattice model. We describe the general formalism for doing 
so. Basically, it means that the statistical weights of the chain 
conformations are calculated using a second-order Markov 
model. We discuss two ways of implementing the general 
formalism for chain stiffness. One (rather trivial) way is to 
join each group of p consecutive segments together to form a 
short rigid rod. The rigid rods are then themselves freely 
jointed to one another. The second way is to introduce energy 
differences between different segment orientations in a poly-
mer chain. In Sec. II we shall first briefly review the "con-
ventional" lattice model for freely jointed chains (fjc) in a 
potential gradient. Then we discuss these two methods of 
introducing chain stiffness. 
Another modification of the lattice model, which we 
present in Sec .. III, is the incorporation of directional corre-
lations between bonds in close (spatial) proximity. These 
bonds need not be situated close to each other along the 
polymer chain, nor do they even have to be on the same 
polymer chain. In effect. a kind of nematic ordering is taken 
into account. Although in this case the numerical procedure 
to calculate the brush profile is rather similar to that used for 
the freely jointed chains and that used for stiff chains, the 
underlying model is fundamentally different. 
In Sec. IV a selection of data will be presented that were 
obtained with the various forms of the lattice model. 
II. THEORY FOR MARKOV CHAINS 
A. Freely jointed chains2,5 
Consider a lattice of M layers, which are numbered 
z= 1,2 •... ,M, with layer 1 situated adjacent to the surface. 
The lattice spacing l is equal to the polymer segment diam-
eter. A fraction Ao of the contacts of a lattice site is with sites 
in the same layer. Similarly, a fraction Al of the contacts is 
with sites in a lower layer and the same fraction AI with sites 
in a higher layer. For a simple cubic lattice, which has been 
used to derive all the results presented in this chapter. 
Ao=2/3 and Al = 116. The polymer chains have a chain length 
of N segments, of which the first is located in the first layer. 
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The volume fraction of these first segments is identical to the 
grafting density u. The volume fraction of polymer in layer z 
is written as ¢(i). Nearest-neighbor interactions between 
polymer segments and solvent are accounted for by the 
Flory-Huggins interaction parameter X. Because of the 
mean-field approximation all interactions within a layer are 
smeared out. We assume throughout this chapter that the 
polymer segments have- no adsorption energy. The potential 
energy u(z) of a polymer segment in layer z is given by 
u(z)lkT= -2X{ </1(z» -In[l- </1(z)], (1) 
where the angular brackets () denote a weighted average over 
three layers, which accounts for the fraction of contacts that 
a segment or solvent molecule has with its nearest neighbors 
in these three layers: 
(</1(Z»=A 1</1(z-1) + Ao</1(Z) + AI </1(z+ 1). (2) 
We define a segment weighting factor G(z) as 
G(z) =exp[ - u(z)lkT] (3) 
which is a Boltzmann factor of the segment potential in layer 
z. The connectivity of the segments in a polymer chain is 
accounted for by introducing the end-segment weighting fac-
tors G(z,slz',l) and _G(z,slz',N). The quantity 
G(z,slz',1) is defined as the average statistical weight of all 
conformations of an s-mer of which the last segment is lo-
cated in layer z and the first segment is in layer z'. As the 
first segment is grafted in the first layer, the quantity 
G(z,,s-Iz', l) is only nonzero for z' = 1. Moreover, Jor z>s it 
automatically follows that G(z,s 11, I) =0. The quantity 
G(z,slz' ,N) is defined as the average statistical weight of all 
conformations of an (N-s+ I)-mer of which the first seg-
ment (s) is located in layer z and the last segment (N) is in 
layer z' . As this last segment may be located anywhere in the 
system, it is convenient to define G(z,sIN) 
=Lz,G(z,slz',N). For a freely jointed chain the end-
segment weighting factors obey the following recurrence re-
lations: 
G(z,sJ 1,1) = (G(z,s-lll, l)G(z), 
G(z,sIN)=(G{z,s+ IIN»G(z). (4) 
For s = 1 and s = N, respecti vel y, these sequences are started 
as follows: 
G(z,NIN)=G(z) \/z 
and 
G(1,111,1)=G(1). (5) 
The volume fraction </1(z,s) of polymer segment s in layer z 
is proportional to the product of two end-segment weighting 
factors: 
</1(z,s) = CG(z,sll, 1 )G(z,sIN)/G(z). (6) 
Here, the denominator accounts for the fact that segment s is 
counted twice (belonging to both chain parts). The normal-
ization constant C follows from the boundary condition 
O"=LzcP(z,s)\/s. Substituting </1(z,s) from Eq. (6) for s=N 
we obtain 
1 • • • 
backward perpendicular forward 
FIG. 1. Three possible bond angles for a sequence of three connected seg-
ments on a cubic lattice. 
u 
C = =-=-:--:-::;~:-;-~zG(z,Nll, 1) . (7) 
Finally, the total volume fraction in layer z is 
cP(z) = ~ cP(z,s)~ (8) 
s 
This volume fraction profile, obtained for a given u(z) pro-
file, should be consistent with Eq. (1) for all values of z. This 
provides a set of M simultaneous equations in M unknown 
variables u(z), which can be solved using standard numeri-
cal procedures. 
B. General formalism for stiff polymer chains 
We take the freely jointed chain as the starting point for 
our discussion. In such a chain a bond between two segments 
can be in six different directions on a simple cubic lattice. 
For a freely jointed chain the probability of any of these six 
directions to occur does not depend on the position of the 
previous bond. In this section we describe a model where 
this probability does depend on the previous bond. Depend-
ing on the angle the new bond makes with the previous one, 
we denote its conformation as "backward," "forward," or 
"perpendicular." This is illustrated in Fig. 1. 
As an example we discuss the case that segment s - 1 of 
a chain is in layer z -1 and segment s is in layer z. Segment 
s + 1 can be in layers z-l, z, or z+ 1. lfit is in layer z-1 we 
have the backward conformation: the two consecutive bonds 
form an angle of 180° and segment s + 1 is located on the 
same lattice site as segment s - 1. If segment s + 1 is in layer 
z the bond conformation is perpendicular: the bond angle is 
90°. On a cubic lattice such a perpendicular conformation 
can be made in four directions. If segment s + 1 is in layer 
z + 1 the conformation is forward and the bond angle is 0°. 
We denote the a priori probability of each of these three 
conformations as B, P, and F, respectively, so that B + F 
+ 4 P = 1. For a freely jointed chain these probabilities are 
just given by the lattice parameters B=F=A1(= 1/6) and 
4P=Ao(=4/6). It is possible to inttoduce a certain degree of 
stiffness of the chain by changing the values of the B, P, and 
F parameters. We discuss two approaches: (i) the freely 
jointed rods model; (li) the limited bond flexibility model. 
First we describe the general formalism to calculate the vol-
ume fraction profile of a brush consisting of stiff chains. 
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We consider the general case that the parameters B, P, 
and F are functions of the segment ranking number s. For 
each segment s we introduce the energies UBes), UF(s), and 
UP(s) associated with backward,· forward, and perpendicular 
conformations of its bonds, respectively. The parameters 
B(s), pes), and F(s) are related to these energies as fol-
lows: 
B(s) = C exp[ - UB(S )lkT], 
F(s}7= C exp[ - UF(s)lkT], 
P(s)=C exp[-UP(s)lkT], 
(9) 
where the normalization constant C follows from the condi-
tion that B(s) + F(s) +4P(s) =1. 
When calculating the end-segment distribution functions 
of a polymer chain, we have to take into account whether the 
addition of a new bond to the-chain corresponds to a back-
ward, forward, or perpendicular conformation. The appropri-
ate weighting factor for that conformation must then be in-
cluded. In order to do this, we introduce the end-segment 
weighting factors Gez,s ,dll, 1) and G(z,s ,diN) as exteri':' 
sions of the end-segment weighting factors G(z,sll,I) and 
G(z,sIN) as introduced for the freely jointed chain model. In 
the expression G(z,s,dI1,1) the letter d denotes the direc-
tion from segment s to s + 1. If segment s is located in layer 
Z, the value of the direction d is -1 When segment s + I is in 
layer z-l; d=O when segment s + 1 is also in layer z; and 
d = + 1 when segment s + I is in layer z + 1. In the expression 
G(z,s,dlN) the letter d denotes the direction from segment 
s + 1 to s. The recurrence relations in Eq. (4) for freely. . 
jointed chains [and the starting conditions of Eq. (5)] must 
now be extended to account for the contribution of the dif-
ferent bond conformations to the end-segment weighting fac-
tors. The resulting expressions are given_ in Eqs. (A1)-(A5) 
of Appendix A. _ . 
In order to calculate the volume fraction of1)egment s(s 
<N) in layer z, one must realize that if the bond from seg-
ment s to segment s + 1 is in direction d, the bond from 
segment s + 1 to segment s must be in direction -d. Hence, 
we can write 
c/J(z,s) = L
z
G(z,NI1, 1) 
x 2: G(z,s,dI1, l)G(z,s, -dIN)/G(z) 
d=-l,O,l 
for s= 1,2, ... ,N--l, 
(10) 
cr 
¢>(z,N) = L
z
G(z,N/1, 1) G(z,Nll, l). 
This equation is a generalization of Eq. (6) for freely jointed 
chains towards stiff chains. We have made use of the fact that 
the end-segment (s = N) only has one bond. For stiff poly-
mer chains G(z,NII, 1) is defined by Eq. (A2). 
The model desGribed in this section is basically a cubic 
lattice version of the rotational isomeric state (RIS) scheme 
as described by Leermakersand Scheutjens.8 
c. Freely jointed stiff rods 
We now consider the case that a group of p consecutive 
segments is clustered into a stiff rod. These rods are freely 
jointed to each other. Conceptually this is the easiest model 
of 'a polymer chain with stiffness parameter p -'- We only dis-
cuss the situation p =2 but we note that for larger values of p 
a straightforward generalization is possible. The bond be-
tween segments 1 and 2 can be placed in any direction. The 
next bond (between segments 2 and 3) must, however, be in 
a forward conformation. The bond between segments 3 and 4 
can again be in any of the three conformations, but the bond 
between segments 4 and 5 must be in a forward conforma-
tion, etc. 
If we have a chain of freely jointed stiff rods, each with 
a length of two segments, the segment bonds are alternat-
ingly completely flexible and fixed in the forward conforma-
tion. The total number of segments in a chain must be an odd 
number in order to have an integer number of rods. In gen-
eral, the chain length (expressed as number of segments) 
must be equal to np + 1, with n an integer number. In Eq. 
(AI) we take F(s) = I and B(s) = P(s) = 0 for even values of 
s, and B(s) = FCs) ="-1 and pes) ="-0 for odd values of s. In 
Eq. (A4) we takeF(s)=l and B(s)=P(s)=O for odd val-
ues of s, and B(s) =F(s) = "-1 and pes) ="-0 for even values 
of s. In this case the polymer has to be grafted both in the 
first and second layer (or, more generally, in the first p lay-
ers) with a grafting density of crl2 in both these layers. This 
is necessary in order to have such a set of conformations that 
all segments can be both in odd and even numbered layers. 
The easiest way to do this is to calculate the end-segment 
distribution functions for the chains grafted in the first layer 
and in those grafted in the second layer separately. The quan-
tity G(z;s,d/l,l) is replaced by G(z,s,dlj,l), where the 
index j can take the values 1 ahd 2. Equation (A3) is re-
placed by 
{ 
116 if d= 1 
GU,l,dlj,l)= 4/6 if d=O 
o if d= ~ 1 
for j= l, .... p. (11) 
Equations (AI), (A2), (A4) , and (A5) are applied both for 
j=l andj=2. The volume fractions ¢>(z,slj) are also calcu-
lated for j=l and j=2: 
cr 
¢>(z,slj) = LzG(z,Nlj, 1) 
x 2: G(z,s,dlj,I)G(z,s,-dIN)/G(z) 
d='-l,O,l 
for s=l,2, ... ,N-l, 
(12) 
cr ¢>(z,Nlj)~LP(z,NIj,l) G(z,N)j,l). 
The total volume fraction of polymer ¢>(z) in layer z is 
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N 
¢(z)= L L ¢(z,slj)· (13) 
j=1,2 s=l 
D.Limited bond flexibility 
In the limited bond flexibility model all segment bonds 
are treated equally. Instead of making half the bonds com-
pletely flexible and the other half completely stiff, they are 
all made partly stiff. We first (arbitrarily) define B(s) =0 for 
all s, so that all conformations are excluded where bonds 
fold back onto the previous bond. If there were no further 
restrictions, F(s)=P(s)= 115 according to Eq. (9). How-
ever, we also introduce a "bending" energy difference 
Ube\s)= UP(s)- UF(s) between the forward and perpen-
dicular conformations, which is positive if a forward confor-
mation is preferred above a perpendicular one. In our present 
implementation Uben is constant: Uben(s)= UbeI.! for all s. 
The chain conformation probabilities depend only upon this 
energy difference and not upon the absolute values of UF(s) 
and UP(s). 1\vo consecutive bonds must overcome the ener-
getic barrier Uben in order to "bend" and form a 90° bond. 
For a cubic lattice we now can write 
F=1-4P and P=[4+exp(UbenlkT)r 1 (14) 
with F(s)=F and P(s)=P for all s. 
The two constraints that we have imposed upon the con-
formations (no backfolding and restricted bond flexibility) 
make the polymer chain stiff. For a freely jointed chain the 
ratio p between Kuhn length and bond length is unity. For 
the stiff chains p> 1. The dependence ofp on P is derived in 
Appendix C. 
In the limited bond flexibility model Uben is an input 
parameter. From Eq. (14), F and P follow directly, and B=O 
as indicated above. Then applying Eqs. (Al)-(A5) and sub-
sequently Eq. (10), the volume fraction profile ¢(z,s) of 
each segment can be calculated. Combining this with Eq. (8) 
yields the total volume fraction profile of the polymer. As for 
freely jointed chains, this volume fraction 'profile must be 
consistent with Eq. (1) for all values of z. 
III. CORRELATIONS BETWEEN NEIGHBORING 
BONDS 
The freely jointed chain model, which was discussed in 
the first part of Sec. II, is an extension of the classical Flory-
Huggins theory for homogeneous polymer solutions towards 
systems with a concentration gradient. The weighting factor 
of an arbitrary chain conformation follows from the end-
segment weighting factors. These end-segment weighting 
factors are calculated using a recurrence relation where, e.g., 
G(z,sII,l) is deterinined by G(z,s-III,I), but does not 
directly depend on any values of G(z,s' 11,1) for s' <s -1. 
That is why a freely jointed chain may be called a first-order 
Markov chain. In the classical Flory-Huggins theory poly-
mer chains are treated in a completely analogous manner. 
The stiff chains' discussed in Sec. II may be considered 
as second-order Markov chains. For these chains G(z,sll, 1) 
depends 01). the position of segments s -1 and s -2. As 
shown above, the extension from a first-order to a second-
order Markov chain is easy to make, both conceptually and 
from a computational point of view. An alternative form of 
the Flory-Huggins theory for homogeneous solutions can be 
derived using second- (or higher) order Markov chains. 
However, this has no effect on the equations that describe the 
thermodynamic parameters of a polymer solution, as long as 
these are defined with respect to the pure amorphous phases 
of its constituent components. For example, the chemical 
potential of a monomeric solvent in a homogeneous mixture 
of solvent (volume fraction 1-¢) and polymer (volume frac-
tion ¢) is given by -
p,-p,* 
---u-=ln(I- ¢)+ ¢- cPlN+ xcfJ2. (15) 
The chemical potential is defined with respect to a system 
consisting of pure solvent, denoted by the superscript *. 
Equation (15) holds both for systems with freely jointed 
chains and for systems with second-order Markov chains. 
In this section we extend the lattice model for polymer 
brushes to incorporate correlations between neighboring 
bonds. These interactions are fundamentally different from 
those giving rise to the chain stiffness and which were ac-
counted for in the previous section by applying a second-
order Markov procedure. We now have to deal with excluded 
volume interactions between segments that are spatially in 
close proximity, but that need not at all be close to each other 
along the contour of the chain (in fact, the segments even 
need not be situated on the same chain). Below, this feature 
is explained in more detail. 
For a Markov chain the value of G(z,sII, 1) depends on 
(G(z,s-III,l».and G(z) [Eq. (4) or (AI)]. The factor 
(G(z"s-1I1, 1» accounts for the position of segment s-l, 
to which segment SIS attached. The factor G(z) is a function 
of the potential in layer z. If ¢(z) =0, then the second term in 
Eq. (1) contributes a factor unity to' G(z). All lattice sites in 
layer z are available for segments. However, if ¢(z) >0 and, 
e.g., segment s -1 is inlayer z -1, then there is a finite 
probability that the step from segment s -1 in layer z -1 to s 
in layer z is blocked by a polymer segment in layer z. This 
probability is accounted for by the nonzero value of ¢(z) in 
the second term of Eq. (1), and enters through G(z) into the 
recurrence relation [Eq. (4) or (AI)]. The fact that a step may 
be blocked is caused by the excluded volume of the seg-
ments. 
At this point one must realize that the use of the term 
In(1-¢) corresponds to an approximation of fundamental 
importance, which is related to the mean-field character of 
the model. Suppose a large fraction of sites in layer z are 
filled with segments (s) that have a connected segment (s-1 
or s + 1) in layer z -1. In this case the probability for a test 
chain to make a step from layer z - 1 to z is higher than that 
predicted by.Eq. (4). Such a step is not blocked by a segment 
in layer Z whose preceding (or following) segment is in layer 
z -1. Parallel bonds never interfere with each other! The 
mean-field character of the theory discussed so far does not 
incorporate this aspect of the excluded volume interactions. 
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We can account for this effect by introducing a quantity 
t;b(zjz') as the fraction of possible bonds between layers z 
and z' that is actually realized. Obviously, t;bCzjz')=O for 
jz-z'j> I and t;b(zjz+ 1) = t;b(z+ ljz). If segments s and 
s + 1 are both in the same layer z, this means that the value of 
d in the end-segment weighting factors G(z,s,djl) and 
G(z,s,djN) is equal to zero. For z=z' we may then write 
u 
t;b(zjz) = LP(z,Njl, I) 
N-l 
X 2: [G(z,s,Ojl,I)G(z,s,OjN)]/G(z). 
s=l 
Similarly for z' = z + 1 we have 
(16) 
U ~l [G(z,s,ljl,I)G(Z,S,-ljN) 1 / 
t;b(zjz+ 1) LP(z,Njl,l)::-1 +G(z+ l,s,-ljl,l)G(z+ 1,s,ljN) G(z). (17) 
Because of the parallel bonds, the probability of making a 
step from layer z to z+ 1 is increased [as compared to Eq. 
(4)] by a factor 
g(zjz+ 1)=[1- t;b(zjz+ I)r 1; (18) 
On average, half of all bonds in layer z [Le., t;b(zjz)] will be 
in the x direction and the other half will be in the y direction. 
So, the probability of making a step from layer z to z is 
increased by a factor 
g(zjz) = [1 - tt;b(zjz)] -I . (19) 
These factors g(zjz') must be added to the recurrence rela-
tions [Eqs. (AI) and (A4)]. This leads to the new recurrence 
relations and starting conditions which are given in Appen-
dix B. In this Appendix the bond correlation factors are in-
corporated into the general formalism for stiff polymer 
chains. The method is basically a cubic lattice version of the 
self-consistent anisotropic field (SCAF) scheme given by 
Leermakers and Scheutjens.9 
Having calculated the end-segment distribution func-
tions, the polymer volume fractions again follow from Eq. 
(10). The end-segment distribution functions are computed 
for a set of g(zjz) and g(zjz+ 1) [and u(z)J values. These 
values must be consistent with the volume fraction profile. 
This means that for a system of M layers we have ~to solve a 
set of equations with 3M variables: the potential u(z) and 
the factors g(zjz) and g(zjz + 1) in each layer z. . 
The bond correlation factors can also be taken info ac-
count in the statistical thermodynamics of a homogeneous 
polymer solution. This leads to different results as compared 
to those obtained in the classical Flory-Huggins theory. As 
an example we again give the chemical potential of the sol-
vent in a polymer/solvent mixture. Incorporating the bond 
correlations gives the following result for a cubic lattice:9,lO 
f-L - f-L * (t;b t;b ) = ~ 3 In 1- - + -- + In(1- t;b) + X<f>2 kT 3 3N (20) 
which reduces to Eq. (15) in the limit of low volume frac-
tions. 
IV. RESULTS 
In Sec. III two methods were described to incorporate 
chain stiffness into the lattice model. We start this section by 
comparing results of these two models. In Fig. 2 volume 
fraction profiles are given for freely jointed stiff rods (with 
p =2) and for a chain with limited bond flexibility, for a 
brush with a grafting density u=O.1 and chain length 
N=401. In the former model the volume fraction profile is 
the sum of the profiles of two brushes grafted in the first and 
second layer, respectively. This is the reason why the data 
points do not all lie exactly on one smooth curve. The com-
putations using the limited bond flexibility model were done 
for Uben=In 2(kT). This also corresponds to a Kuhn length 
p =2. The brush height in Fig. 2 is higher than what would 
be calculated for a freely jointed chain (where p=I); a more 
detailed comparison is given in Fig. 3. The overall agreement 
between the results of both models is good. An advantage of 
the limited bond flexibility model over the freely jointed rods 
model is the fact that p can take any value (and not only 
integer values). Further computations of the effect of chain 
stiffness on the brush structure are shown in Fig. 3, which 
was calculated using the limited bond flexibility model. 
0.4 ,----,----,----,----, 
0.2 
o L-____ ~ ____ ~ ____ ~ __ ~~ 
o 100 z 200 
FIG. 2. Volume fraction profile of _ a polymer brush as predicted by the 
model of freely jointed rods (data points) and the limited bond flexibility 
model (solid curve) for a stiffness p=2. Grafting density 0-=0.1, athermal 
solvent (x=0), chain length N=401. 
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0.4 c;:::----,,----,----,.---, 
0.2 ..-___ ~ 
0.05 
0.4 
z 400 
FIG. 3. Volume fraction profiles predicted by the limited bond flexibility 
model for Uben=O, 1,2,3,4, and 5 kT as indicated in the figure and for a 
freely jointed chain (fjc), for chains of 400 segments. (A) 0-=0.1 and X=O; 
(8) 0-=0.01 and X=O; (C) 0-=0.1 and X=0.5. The dashed curves are the 
predictions of the theory of Zhulina et ai. (Ref. 6) for p = 1 (i.e., the fjc 
model) and for stiffnesses corresponding to Uben=O, 1,2,3,4, and 5 kT. In 
part (AY the dashed curve for Uben=5 kT is not shown. 
The solid curves in Fig. 3(A) are the volume fraction 
profiles for 0"=0.1, N=400, and Uben varying from 0 to 5 kT. 
The volume fraction profile according to the fjc model is also 
given by a solid curve. The fjc brush has a smaller height 
than the brush for which Uben=O. This is to be expected as in 
the latter brush direct backfolding of the chain segments is 
forbidden. Although Uben=o (so that there is no energy dif-
ference between a perpendicular and a forward conforma-
tion) the prevention of direct backfolding does already lead 
to noticeably stiffer polymer chains. The Kuhn length for 
Uben=O is 1.5. Increasing U ben corresponds to a stiffer chain 
and a larger brush height. For Uben=5 kT (p =75.2) we have 
reached the situation that a considerable number of chains 
are completely stretched (all bonds are in the forward con-
formation) and the brush height is equal to the chain length. 
In this case the profile approaches a step-profile. 
For the fjc brush and for the brush with Uben=O the 
volume fraction profiles show a depletion zone next to the 
grafting surface. Previously this phenomenon has been seen 
both in SCF calculations5 and in Monte Carlo simulations. 11 
For stiffer chains (Uben¢: 1) the profiles are oscillatory in this 
zone. This behavior is a consequence of the way in which we 
have defined the contribution of the first two segments to-
wards the probability weighting function of the chain confor-
0.002 ,....---.-----,------r-----. 
0.001 
200 z 400 
FIG. 4. Volume fractions ¢(z,N) of the free end-segments (s=N) of the 
chains for which the overall profiles are given in Fig. 2. 
mations [see Eq. (A3)]. The bond between segments 1 and 2 
(which goes from a site in layer 1 to either another site in 
layer 1 or to a site in layer 2) does not interact with a bond 
between segment I and segment O. We could also implement 
the model in a slightly different way and assume that there is 
a polymer segment s=O in layer z=O, so that the bond be-
tween segments 0 and 1 would go from layer 0 to layer 1. In 
that case the presence of segment 2 in layer 1 would be less 
favorable than it is in the present model, because the pres-
ence of segment 2 in layer 1 would mean an extra perpen-
dicular conformation in the chain. In this case Eq. (A3) 
should be replaced by 
{ 
F if d= 1 
G(1,l,dIO,O)= 4P if d=O. 
. 0 otherwise 
(21) 
When this modification is implemented, the oscillation dis-
appears (this is not shown in a figure). This illustrates that 
the oscillation near the grafting surface is an artefact caused 
by the grafting procedure. Nevertheless, this has very little 
influence on the rest of the profile. Throughout the remainder 
of this chapter we will use Eq. (A3), and accept the slightly 
irregular behavior near the grafting surface. 
The dashed curves in Fig. 3(A) were calculated using the 
theory· of Zhulina et al. 6 who incorporated chain stiffness 
into their expression for the entropy of stretching a polymer 
chain. For p = 1 their model agrees very well with the fjc 
model if the full Flory-Huggins expression is used for the 
free energy of the system,5 as was done to obtain the curves 
shown in Fig. 3. For values of p up to 10 (Uben=3 kT) there 
is also a good agreement between their analytical theory and 
our limited bond flexibility model. For even stiffer chains the 
analytical model predicts a too large brush height. For 
Uben=4 kT (p =28) the theory of Zhulina et al. has lost its 
physical meaning, as it predicts a brush height which ex-
ceeds the chain length. 
In Fig. 3(B) the same curves are drawn as in Fig. 3(A) 
but now for a ten times lower grafting density, namely 
0"=0.01. Such a grafting density is more representative for a 
polymer brush that is formed by adsorbing an AB block co-
polymer from solution. Qualitatively the same trends are 
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0.4 r=--.,..----,--r--------, 
0.2 , , 
, 
, 
, 
\ 
\ 
o 
, 
o 100 z 200 
FlG. 5. Volume fraction profiles taking nematic interactions (bond correla-
tions) into account, for Uben=o and 1 kT. The freely jointed chain volume 
fraction profile is given for comparison. Parameters: 0"=0.1; X=O; N=400. 
seen as in Fig. 3(A). The chains are less strongly stretched 
because of the lower densities. The theory of Zhulina et al. 
gives a reasonable description of the profiles for a value of 
Uben as high as 5 kT. In contrast to the situation for 0"=0.1, 
(virtually) no chains are yet completely stretched forUben=5 
kT. 
Apart from the grafting density, the solvent quality is, an 
important parameter in determining the brush structure. Fig-
ure 3(C) gives data for the same grafting density as Fig. 
3(A), but now the brush is immersed in a E> solvent (x=O.5). 
In a E> solvent the brush height is smaller than in an athermal 
solvent. As expected, this result is found for all values of the 
chain stiffness. The relative effect of increasing Uben is 
roughly independent of the solvent qUality [compare Figs. 
2(A) and 2(C)]. For Uben =4 kT (p =28) the brush height has 
approximately increased by a factor 2 (in comparison with a 
brush of freely jointed chains). In the E> solvent we see that 
for very large values of p (Uben=5 kT) the volume fraction 
profile shows a big "foot" protruding into the solution, 
which is not predicted by the equations of Zhulina et al. 
Not only.the overall volume fraction profile, but also the 
distribution of individual segments of the polymer chains is 
influenced by the chain stiffness. Figure 4 shows the distri-
bution of the free end-segments ¢(z,N) of the chains for 
which the overall volume fraction profiles are plotted in Fig. 
3 (A). When Uben is increased the average position of the 
end-segment moves to larger distances from the surface. This 
is consistent with the larger overall brush height as seen in 
Fig. 3(A). The end-segments are still distributed throughout 
the whole brush, and there is no "exclusion zone" near the 
surface. For Uben=5 kT, ¢(z,N) shows a peak at z=400. 
This peak is obviously due to the fact that an appreciable 
number of chains are fully stretched, so that their end-
segments are situated at z=N. Increasing Uben even further 
leads to a growth of this peak. 
Above we have clearly demonstrated that increasing the 
chain stiffness leads to more extended brush structures. Fig-
ures 2-4 are calculated using second-order M.arkov' models 
for polymer chains. Below we also present results for sys-
tems where correlations between neighboring bonds are ac-
1.2 .---~--,----....----,----, 
g(zlz') 
1.1 
o 100 z 200 
FlG.6. The nematic (bond orientation) factorsg{zlz+ 1) and g(zlz) for the 
curve of Fig. 4 with Uben= 1 kT. . 
counted for. As explained in Sec. II, this approach is com-
bined with a second-order Markov procedure to compute the 
chain conformation weighting factors. The most important 
results are given in Fig. 5. 
In Fig. 5 the grafting density and -chain length are the 
same as in Fig. 3(A), so that the curves in Fig. 5 can be 
directly compared with those in Fig. 3(A) for Uben=O and 1 
kT. The bond correlations lead to a decrease of the brush 
height as compared to the limited bond flexibility model 
alone. For uben=O kT the bond correlation model predicts a 
volume fraction profile that is hardly distinguishable from 
the fjc profile! In the limited bond flexibility model this 
value of Uben (which corresponds to p = 1.5) causes a notice-
able increase in the brush height. One might at first expect 
the bond correlations to cause a further increase in the brush 
height, because a stretched polymer chain would induce ex-
tra stretching of its neighboring chains. However, the corre-
lations between parallel bonds lead to a more efficient lateral 
packing of the chains, so that the density increases and the 
brush height decreases. In order to explain this unexpected 
result we first investigate the bond orientations. 
For the chosen parameters the polymer chains still have 
many bonds parallel to the grafting surface. This can be seen 
in Fig. 6 where the factors g(zlz + 1) and g(zlz) [defined by 
Eqs. (18) and (19)] are plotted for the case Uben=l kT of 
Fig. 5. The factor g(zlz) is an additional weighting factor for 
a bond to .(emain in layer. z (parallel to the surface). This 
weighting factor increases as the volume fraction of bonds 
remaining within layer z increases. The factor g(zlz+ 1) is 
an additional statistical weight for a bond to cross from layer 
z to layer z + 1 (so that it is oriented perpendicular to the 
surface). In Fig. 6 one can see that throughout the whole 
brush g(zlz»g(zlz+ 1). Clearly, for a grafting density of 
0.1 and a not very high chain stiffness the correlations be-
tween the more numerous parallel bonds reduce the brush 
height. This gives a good description of the influence of the 
bond correlations on the brush structure, but it does not yet 
provide an explanation for the fact that the packing density 
in the brush increases. 
From a thermodynamic point of view the decrease of the 
brush height can be understood by comparing the equations 
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0.2 
nematic interactions, 
X=o 
no nematic interactions, 
x= 1/6 
o ~----~----~----~~----~ 
o 100 z 200 
FIG. 7. Comparison of the effect of bond correlations and that of solvency. 
The dashed curve is the same as that in Fig. 4 for a brush with nematic 
interactions with Uben=O kT and X=O. The solid curve is for the same chain 
length and grafting density, but was obtained from the limited bond flexibil-
ity model with Uben=O kT (without nematic interactions) and a solvency 
parameter x= 1/6. 
for the chemical potential of the solvent in a solution of 
polymer chains with and without bond correlations [Eqs. 
(15) and (20)]. In a homogeneous solution of polymer (with 
volume fraction ¢» and a monomeric solvent (volume frac-
tion 1 - ¢» the chemical potential of the solvent is given by 
Eq. (20) when one takes the correlations between parallel 
bonds into account. Expanding the logarithmic terms of this 
equation gives 
(22) 
The second virial coefficient, which for long freely jointed 
chains is ~-X, becomes t-X when nematic interactions are 
included. This means that, as long as one can neglect cubic 
and higher order terms in ¢>, a polymer solution with corre-
lations between parallel bonds and a Flory-Huggins param-
eter X behaves the same as a polymer solution without these 
correlations with an effective Flory-Huggins parameter 
:>tff = X+~. This hypothesis is tested in Fig. 7. The solid curve 
is for a polymer brush without nematic interay!ions and X 
=i, the dashed curve is for a polymer with nematic interac-
tions with X=O. The system with nematic interactions gives a 
slightly larger brush height than the brush without nematic 
interactions. This means that when we correct the ca1c~lated 
profile for the shift in the effective solvency, the brush be-
haves as one would intuitively expect: the' nematic interac'-
tions increase the brush height. 
v. DISCUSSION 
Our main conclusion is that an increasing chain stiffness 
increases the height of a polymer brush, but that nematic 
interactions counteract this effect. One should realize that we 
view a polymer molecule not from an "atomistic" but from a 
more "coarse grained" level as we approximate it as a chain 
of Kuhn segments. If these segments have the same length as 
width it is logical to use a cubic lattice. This is the situation 
for which excellent agreement is found with analytical SCF 
models, which do not take any atomistic details into account 
either. When one wants to incorporate chain stiffness into the 
lattice model, one must make the (rather arbitrary) choice 
how to exactly implement this. We have done it by forbid-
ding direct backfolding and introducing an energy difference 
between forward and perpendicular conformations. We could 
also have only introduced this bending energy and have al-
lowed backfolding, or we could have taken interactions into 
account between segments that are two or more positions 
separated along the chain. Given the model-like character of 
our approach it is difficult to say which choice would best 
represent a "real" polymer. However, we can conclude that 
the effect of stiffness in our model agrees very well with the 
predictions of Zhulina et at., who considered the general ef-
fect of stiffness on the entropy of stretching a polymer chain 
(without any further assumptions as to the molecular origin 
of this stiffness). This strongly suggests that another way of 
incorporating stiffness into our lattice model would yield es-
sentially the same volume fraction profiles for systems with 
the same effective chain stiffness p. Indeed, Fig. 2 illustrates 
that two different models with the same value for p give 
virtually the same results. 
We have shown that for not too high grafting densities 
the incorporation of correlations between parallel bonds in 
our model partly compensates the effect of chain stiffness. 
The easiest way to model a polymer brush is by using a 
freely jointed chain approach. This model can be solved ana-
lytically, as shown originally by Zhulina et al. 6 and Milner 
et at.7 Their earlier work has been extended during the past 
,few years, e.g., towards polyelectrolytes,12.13 polydisperse 
systems,14 etc. All these extensions are based on freely 
jointed chains. In this chapter we have shown that the incor-
poration of both bond correlations and a moderate chain 
stiffness into the description of a polymer brush leads only to 
a small adjustment of the brush profile. This illustrates that 
the widely used model of freely jointed chains captures the 
essential trends of end-attached polymer layers. 
It is also interesting to consider the implications of our 
findings for the comparison between SCF models and mo-
lecular dynamics15,16 or Monte Carl03,17-20 simulations. In 
these simulations of multichain systems the excluded volume 
of the polymer segments is usually accounted for in a rigor-
ous manner: all system configurations are forbidden where 
two or more segments overlap. The exclusion of direct back-
folding and the incorporation of correlations between parallel 
bonds into the lattice model can be seen as a first-order cor-
rection towards a more rigorous incorporation of excluded 
volume effects. The partly compensating effects found with 
excluding direct step reversals and incorporating correlations 
between parallel bonds explain why there is a relatively good 
agreement between simple SCF models and multichain 
Monte Carlo and molecular dynamics simulations. 
APPENDIX A: END-SEGMENT WEIGHTING FACTORS 
FOR STIFF POLYMER CHAINS 
In this Appendix we give the equations for the end-
segment weighting factors of stiff polymer chains. These 
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end-segment weighting factors are calculated using a second-
order Markov procedure on a cubic lattice.-
The recurrence relation of Eq. (4) for G(z,sll, 1) is ex-
tended to 
_ I - [B(S)XG(Z-1,S-1,111,1)+4P(S)XG(z,S-1,011,1)] 
G(z,s, ll,l)-G(z)X :+F(s)XG(z+l,s-l,-III,l) , 
I 
- [pes) XG(z-I,s-I, 111, 1) + (2P(s)+ F(s) + B(s» X G(z,s-I ,011, 1)] 
G(z,s,O 1,1)-G(z)x +P(s)XG(z+l,s-l,-IiI,l) , (AI) 
I )
- - [F(S)XG(Z-1,S-I,111,1)+4P(S)XG(z,S-I,011,1)] 
G(z,s,I1,1 -G(z)X +B(s)XG(z+I,s-l,-lll,l) . 
This equation reduces toEq. (4) if B = F= P = "-1, considering that G(z,sII, 1) = G(z,s, -111,1) + G(z,s ,011,1) 
+ G(z,s, 111,1). Equation (AI) is valid for s=2,3, ... ,N-1. For the end-segment (s=N) we write 
G(z,NII, 1)=G(z) X[G(z-I ,N-l, 111, 1) + G(z,N-l ,011,1) + G(z+ I,N-l, -111,1)]. (A2) 
For s = 1 we start the sequence with' 
{ 
116 if d= 1 
G(I,l,dll,l)= 4/6 if d=O. 
o otherwise 
(A3) 
The first segment must be in the first layer and the first bond has complete freedom as it does not interact with a previous bond. 
The quantity G(z,s,dlN) is calculated from the following recurrence relations: 
I - ,[B(S)XG(Z-l,S+ 1,-IIN)+4P(S)XG(Z-1,S+I,0IN)] G(z,s,l N)-G(z)X +F(s)XG(z-l,s+l,lIN) , 
I =' [pes) XG(z,s+ 1, -liN) +[2P(s) + F(s) + B(s)]XG(z,s+ I,DIN)] G(z,s,O N) G(z)X +P(s)XG(z,s+l,lIN) , (A4) 
_ I - [F(S)XG(z+ l,s+ 1,-lIN)+4P(s)XG(z+ I,s+ I,OIN)] 
G(z,s, 1 N)-G(z)X +B(s)XG(z:+-I,s+l,lIN) . 
These three equations define G(z,s,dIN) for s=I,2,3, ... ,N-2. For s=N-I the recurrence relation is started with the 
expressions 
G(z,N-l,lIN)=G(z)kG(z-l), 
G(z,N-l,OIN)=G(zHG(z), (AS) 
G(z,N-l,-lIN)=G(z)kG(z+ 1). 
These equations contain the lattice parameters for the last bond and the segment weighting factors of the last two segments 
which determine this bond. ' 
APPENDIX B: FORMALISM FOR CHAINS WITH BOND CORRELATIONS 
In this Appendix the expressions for' the chain-end weighting factors that were given in Appendix A are extended to 
include correlations between neighboring bonds. As explained in the main text this means that additional weighting factors 
g(zlz) and g(zlz+ I) must be taken into account for bonds within layer z (parallel to the surface), and for bonds between 
layers z and z+ I (perpendicular to the surface), respectively. The quantities G(z,s,d[l, 1) and G(z,s,dlN) are then calculated 
from the following recurrence relations: 
i4P(s)XG(z,s-I,011,l)Xg(z[z) ] 
G(z,s, -111, 1) =G(z) X l + F(s)XG(z+ 1,s-I, - II 1, 1) xg(z[z+ 1) , 
[
P(S)XG(Z-l,S-I,l[I,l)Xg(ZIZ-'l) 1 
G(z,s,D[l, 1) = G(z) X +[2P(s) + F(s)] X G(z,s -1,011, 1) Xg(zlz) , 
+P(s)XG(z+ I,s-l,-I[l,I)Xg(z[z+ 1) 
. , [F(S)XG(Z-I,S-I,l[I,I)Xg(zlz-ij] -
G(z,s,lII,l)=G(z)X +4P(s)XG(z,s-I,0II,I)Xg(zlz) for s=2,3,4, ... ,N-I, 
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I )- [G(Z-I,N-l, 111, 1) Xg(zlz-l)+ G(z,N-l,oII, 1) XgCzlz)] G(z,N 1,1 -G(z)X +G(z+I,N-l,-III,l)Xg(zlz+I) (BIb) 
and 
G(z,s, IIN)=G(z) Xg(zlz+ 1) x[ 4P(s)X G(z-l,s+ I,OIN) + F(s}XG(z-l,s+ 1, liN)], 
I = I [pes) X G(z,s+ 1, -IIN)+[2P(s) + F(s)]XG(z,s+ I,OIN)] G(z,s,O N) G(z)Xg(z z)X +P(s)XG(z,s+ I,IIN) , 
(B2) 
G(z,s,-lIN)=G(z)Xg(zlz-l)X[F(s)XG(z+ l,s+ 1,-1IN)+4P(s)XG(z+ l,s+ 1,OIN)] 
for s= 1,2,3, ... ,N-2. 
Equations (B 1) are started for s = 1 with 
{ 
116 if d=l 
G(I,l,dll,l)= 4/6 if d=O, 
o otherwise 
and Eq. (B2) is started for s=N-l with 
G(z,N-I,lIN)=G(z)ig(zlz-l)G(z-l), 
G(z,N-l ,OIN) =G(z)tg(zlz)G(z), 
G(z,N-l, -liN) =-G(z)tg(zlz+ 1 )G(z+ 1). 
(B3) 
(B4) 
APPENDIX C: KUHN PARAMETER IN THE LIMITED 
BOND FLEXIBILITY MODEL 
For freely jointed polymer chains the Kuhn segment 
length is equal to the step length (or lattice spacing) l. For 
chains with limited bond flexibility the Kuhn length in-
creases by a factor p, which is determined by the energy 
Uben• Consider a chain of N segments. We represent each 
bond i by the vector Ii' The mean square end-to-end distance 
(r2) (in a constant potential field) can now be written as 
(Cl) 
On a simple cubic lattice the angle between two bonds can 
take the values of 0, 'fT12, or 'fT. It is easily seen that 
(I j I j + 1)=FZ2 and (Vi+2)=F2Z2. In general, (Ij Ii +k)=FkZ2. 
For N» 1 the second summation on the right -hand side of 
Eq. (Cl) can be extended to infinity, so that 
This corresponds to 
2F 
p=I+ I-F' 
(C2) 
(C3) 
It is easily shown that p is an exponential function of the 
energy Uben: p = 1 + !eUben/kT. 
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